This paper is devoted to a study on closed geodesics on Finsler and Riemannian spheres. We call a prime closed geodesic on a Finsler manifold rational, if the basic normal form decomposition (cf. [Y. Long, Bott formula of the Maslov-type index theory, Pacific J. Math. 187 (1999) 113-149]) of its linearized Poincaré map contains no 2 × 2 rotation matrix with rotation angle which is an irrational multiple of π , or irrational otherwise. We prove that if there exists only one prime closed geodesic on a d-dimensional irreversible Finsler sphere with d 2, it cannot be rational. Then we further prove that there exist always at least two distinct prime closed geodesics on every irreversible Finsler 3-dimensional sphere. Our method yields also at least two geometrically distinct closed geodesics on every reversible Finsler as well as Riemannian 3-dimensional sphere. We prove also such results hold for all compact simply connected 3-dimensional manifolds with irreversible or reversible Finsler as well as Riemannian metrics.
Introduction and the main results
This paper is devoted to a study on closed geodesics on Finsler and Riemannian spheres with dimension not less than 2. Let us recall firstly the definition of the Finsler and Riemannian metrics. Note that one of the major differences between Riemannian and Finsler metrics is the irreversibility in the condition (F2). For a closed geodesic c in an irreversible Finsler manifold (M, F ), its inverse curve c −1 defined by c −1 (t) = c(1 − t) may not be a geodesic. If it is, it is usually viewed to be a closed geodesic different from c.
In this case, (M, F ) is called a Finsler manifold. F is reversible if F (x, −y) = F (x, y) holds for all y ∈ T x M and x ∈ M. F is Riemannian if F (x, y)
It is a longstanding conjecture that there exist infinitely many geometrically distinct prime closed geodesics on every compact Riemannian manifold (cf. [1] and Problem 81 in [43] ). Works on this topic can be traced back to at least [17] of J. Hadamard in 1898, [36] of H. Poincaré in 1905 and [7] of G.D. Birkhoff in 1910s . Note that by the classical theorem of Lyusternik and Fet [33] in 1951, there exists at least one closed geodesic on every compact Riemannian manifold. Because the proof is variational, this result works also for compact Finsler manifolds. An astounding result was obtained by A. Katok in [22] of 1973 (cf. also [44] ) who constructed the first example of some irreversible Finsler metrics on d-spheres possessing precisely 2[(d + 1)/2] distinct prime closed geodesics. Because of [16] of D. Gromoll and W. Meyer and [42] of M. Vigué-Poirrier and D. Sullivan, the most interesting manifolds on the closed geodesics problem are Finsler and Riemannian spheres.
We are only aware of a few results on the existence of multiple closed geodesics on Finsler as well as Riemannian spheres without pinching type conditions as those used in [4, 5, 39] , etc. In [12] of 1965, A.I. Fet proved that there exist at least two distinct closed geodesics on every reversible bumpy Finsler manifold (M, F ). In [37] of 1989, H.-B. Rademacher proved that there exist at least two elliptic closed geodesics on every bumpy Finsler 2-sphere. The result in [20] of 2003 of H. Hofer, K. Wysocki and E. Zehnder implies that there exist either two or infinitely many distinct closed geodesics on every bumpy Finsler 2-sphere if the stable and unstable manifolds of every hyperbolic closed geodesics intersect transversally.
In [3] of 2005, V. Bangert and Y. Long proved that there exist at least two distinct prime closed geodesics on every Finsler 2-sphere (S 2 , F ) (cf. also [30] ). Following this result, further developments on the closed geodesic problem on Finsler and Riemannian spheres have appeared.
In [10] Around 1990, V. Bangert (in [2] ) and J. Franks (in [13] and [14] ) proved their celebrated result on the existence of infinitely many geometrically distinct closed geodesics on every Riemannian 2-sphere. When the dimension is higher, even fewer results are known without pinching conditions. In [31] of 2007, Y. Long and W. Wang proved that if every prime closed geodesic c on the Riemannian 3-sphere S 3 satisfiesî(c) > 1 or i(c) > 1, there exist at least two geometrically distinct closed geodesics. The method used there works for Finsler 3-spheres too (cf. also [11, 24, 32] and [35] ).
Despite of great efforts on the closed geodesic problems, it seems to us that until very recently, whether there always exist at least two geometrically distinct prime closed geodesics on every Riemannian sphere with dimension greater than 2 is still unknown. The aim of this paper is to give a confirmative answer to this question for all 3-dimensional Finsler and Riemannian spheres without any additional conditions. More precisely, we prove in this paper: 3 , there exist at least two distinct prime closed geodesics.
Theorem 1.2. For every irreversible Finsler metric F on S

Theorem 1.3. For every reversible Finsler metric F on S 3 , there exist at least two geometrically distinct closed geodesics. Specially this is true for every Riemannian metric on S 3 .
As a consequence of our these results, we have
Theorem 1.4. For every irreversible (or reversible as well as Riemannian) Finsler metric F on a compact simply connected 3-dimensional manifold, there exist at least two (geometrically) distinct prime closed geodesics.
Our method recovers also the main theorem of V. Bangert and Y. Long in [3] for closed geodesics on Finsler 2-spheres. [3] .) For every Finsler metric F on S 2 , there exist at least two distinct prime closed geodesics.
The new idea in this paper is the establishing of a new homological method which relates exact homological sequences of different level set triples, and relates the local analytical and homological information of iterations of closed geodesics and the global homological information of the loop space of spheres. The proofs of the above Theorems 1.2 and 1.3 are based upon this new method.
More precisely, based on the basic normal form decomposition (BNFD for short, cf. Section 3 below) of symplectic matrices established in [26] and [27] in 1999-2000, closed geodesics on a compact Finsler manifold (M, F ) can be classified into two classes: rational ones, whose BNFD of its linearized Poincaré map contains no 2 × 2 rotation matrix R(θ) with θ/π ∈ R \ Q, and the irrational ones, otherwise respectively. In Sections 3 and 4 below, analytical and homological properties of rational closed geodesics are studied. The most important analytical properties are the periodicity and the boundedness properties of the Morse indices of iterations of rational closed geodesics. Based on these properties, we prove that the homologies of energy level set pairs are periodically distributed when there is only one rational prime closed geodesic on the sphere via the classical 5-lemma. This homological periodicity is given by our Theorem 4.3 below.
Based on these preparations, in Section 5 we establish a new homological method to relate the periodic height p(c), the bounded height b m (c) of a rational prime closed geodesic c, and the alternating sum of the Betti numbers (cf. Section 3 for the definitions). This is given by our Theorem 5.2 below. This argument shows that if there is only one rational prime closed geodesic on a sphere, it should behave very nicely by satisfying an identity.
Then in Section 6, we consider the case when there is only one prime closed geodesic c on a Finsler (S d , F ) and prove in our Theorem 6.1 below that this c cannot be rational by using this new analytical and homological method in Theorem 5.2 to yield some contradictions via comparing the periodicity height and the boundedness height. Now in our proof of Theorem 1.2 given in Section 7, our Theorem 6.1 shows that the prime closed geodesic c on a Finsler 3-sphere cannot be rational. But it cannot be irrational either by our earlier result [10] on bumpy Finsler spheres and the mean index identity. This proves Theorem 1.2.
Note that in our proof of Theorem 1.2, the local homological information of iterated closed geodesics c m appear only in the mean index identity, and it is then replaced by certain global invariants of the prime closed geodesic c and the loop space. Note also that homologically the reversible metrics produce every local critical module twice because of the inverse curve c −1 (t) = c(1 − t) of c behaves analytically and homologically precisely the same as c itself. In this paper, let N, N 0 , Z, Q, R, and C denote the sets of natural integers, non-negative integers, integers, rational numbers, real numbers, and complex numbers respectively. Let U = {z ∈ C | |z| = 1}. We define the functions [a] = max{k ∈ Z | k a}, E(a) = min{k ∈ Z | k a}, and ϕ(a) = E(a) − [a] for all a ∈ R. Especially, ϕ(a) = 0 if a ∈ Z, and ϕ(a) = 1 if a / ∈ Z. For positive integers m and n, we write m | n if n = mk holds for some integer k. We use only singular homological modules with Q-coefficients. When S 1 acts on a topological space X, we denote by X the quotient space X/S 1 . For a set A, we denote by # A the number of elements in A.
Preliminary materials
In this section we briefly review some known results which will be used in this paper.
Critical modules of closed geodesics and Morse theory
In this subsection, we will briefly review results on critical modules of closed geodesic, all the details can be found in [38] and [3] .
Let M = (M, F ) be a compact Finsler manifold (M, F ), the space Λ = ΛM of H 1 -maps γ : S 1 → M has a natural structure of Riemannian Hilbert manifolds on which the group S 1 = R/Z acts continuously by isometries, cf. [23] , Chapters 1 and 2. This action is defined by (s · γ )(t) = γ (t + s) for all γ ∈ Λ and s, t ∈ S 1 . For any γ ∈ Λ, the energy functional is defined by
It is of class C 1,1 (cf. [34] ) and invariant under the S 1 -action. The critical points of E of positive energies are precisely the closed geodesics γ : S 1 → M. The index form of the functional E is well defined along any closed geodesic c on M, which we denote by E (c) (cf. [41] ). As usual, we denote by i(c) and ν(c) the Morse index and nullity of E at c. In the following, for all κ 0 we denote by
For m ∈ N we denote the m-fold iteration map ψ m : For a closed geodesic c we set Λ(c) = {γ ∈ Λ | E(γ ) < E(c)}. If A ⊆ Λ is invariant under the action of some subgroup Γ of S 1 , we denote by A/Γ the quotient space of A module the action of Γ .
Using singular homology with rational coefficients we will consider the following critical Q-module of a closed geodesic c ∈ Λ:
If c has multiplicity m, then the subgroup Z m = { k m | 0 k < m} of S 1 acts on C * (E, c). In order to apply the results of D. Gromoll and W. Meyer in [15] and [16] , following [38] , Section 6.2, we introduce finite-dimensional approximations to Λ. We choose an arbitrary energy value a > 0 and k ∈ N such that every geodesic segment of length < √ 2a/k is minimal. Then [38] ). We call a closed geodesic satisfying the isolation condition, if the following holds:
(ISO) The orbit S 1 · c m is an isolated critical orbit of E for all m ∈ N.
Since our aim is to study Finsler manifolds with only finitely many prime closed geodesics, the condition (ISO) does not restrict generality.
Now we can apply the results by D. Gromoll and W. Meyer [15] 
for (x + , x − , x 0 ) ∈ B + × B − × B 0 . As in [15] and [16] , we call
Note that N and U are Z m -invariant. It follows from (2.5) that c is an isolated critical point of
Using (2.6), the fact that c is an isolated critical point of E| N , and the Künneth formula, we obtain
where
cf. [38] , Lemma 6.4 and its proof. As in p. 59 of [38] , for all m ∈ N, let respectively
where T is a generator of the Z m action. Now we have the following propositions. 
(ii) When ν(c m ) > 0, there holds
We need the following [3, 16, 31, 38] [37] , Remark 2.5 of [37] , cf. also [10] 
which yields Betti numberŝ
For any even k ∈ N and k d − 1, there holds 12) which yields Betti numberŝ
For any odd k ∈ N and k d − 1, there holds
Proof. By (2.10) and (2.13), we need only to prove the inequalities in (2.11) and (2.14). When d 3 is odd, the number of even numbers from 
When d 2 is even, the number of odd numbers from
. Therefore similarly to the proof of (2.11) from (2.13) we obtain (2.14) as follows:
This completes the proof. 
Then for every integer q 0 there hold
In order to relate the critical Q-modules C * (E, c) of closed geodesics c to the homology of the loop space Λ, we will use the following result due to [3] . 
In [18] and [19] , N. Hingston proved two important theorems which produce infinitely many closed geodesics on compact manifolds under suitable conditions respectively. Note that in [18] and [19] , the non-trivial homological group condition is used to guarantee that the energy functional restricted to the characteristic manifold possessing at the origin a local minimum or a local maximum respectively, which are represented by k 0 (c) = 1 or k ν (c) = 1 respectively. Note also that by Theorem 10.1.3 of [29] , whenever the index iteration inequality (2) in Proposition 1 on p. 256 of [18] or the index iteration inequality (2) in the main theorem on p. 3099 of [19] holds for all m 1, the corresponding equality must in fact holds for these ms (cf. [3] ).
Theorem 2.7. (Cf. [18] and [19] 
Then there exist infinitely many distinct closed geodesics on (M, F ).
Rademacher's mean index identity for closed geodesics
Lemma 2.9. (Cf. Lemmas 7.1 and 7.2 of [38] , cf. also [10] and [31] .
) Let c be a prime closed geodesic on a compact Finsler manifold (M, F ) satisfying (ISO). Then there exists a minimal integer
Theorem 2.10. (Satz 7.9 of [38] , cf. also [10, 31] .
) Let (M, F ) be a compact simply connected Finsler manifold with
H * (M, Q) = T d,q+1 (x) ≡ Q[x]/(x q+1 = 0) and # CG(M, F ) < +∞.
Denote prime closed geodesics on (M, F ) with positive mean indices by {c
Then the following identity holds (2.20) and
Remark 2.11.
(i) Note that here in Lemma 2.9, we do not require the integer N = N(c) to be even as in Lemmas 7.1 and 7.2 of [38] . In this setting, by the proof of Lemma 3.5 below we have N(c) = n(c) for every prime closed geodesic c which is rational in the sense of Definition 3.6 below. This consideration will simplify certain computations later. (ii) Because the proofs of Lemma 2.9 and Theorem 2.10 can be found in [38] of 1992, and are similar to those contained in later papers like [3, 10] , and [31] , we omit them here.
Morse indices of closed geodesics
In this section, we study properties of Morse indices of iterations of closed geodesics.
Basic normal form decompositions of symplectic matrices and precise index iteration formulae
In [26] of 1999, Y. Long established the basic normal form decomposition of symplectic matrices. Based on this result he further proved the precise iteration formulae of indices of symplectic paths in [27] of 2000. These results form the basis of our study on the Morse indices and homological properties of closed geodesics. Here we briefly review these results:
As in [29] , denote by
Here [29] ). In [26] [27] [28] [29] , these matrices are called basic normal forms of symplectic matrices.
As in [29] , given any two real matrices of the square block form
the -sum (direct sum) of M 1 and M 2 is defined by the 2(i + j) × 2(i + j) matrix
Definition 3.1. (See [27] and [29] .) For M ∈ Sp(2d), the homotopy set
Note that Ω 0 (M) defines an equivalent relation and we write N ≈ M whenever N ∈ Ω 0 (M).
Then it is proved in [26] and [27] the following decomposition theorem: 
, and h + = h + (M) are non-negative integers, and h − = h − (M) ∈ {0, 1}; θ j , α j , and β j ∈ (0, π) ∪ (π, 2π); these integers and real numbers are uniquely determined by M and satisfy
Based on Theorem 3.2, the homotopy invariance and symplectic additivity of indices, it was proved in [26] and [27] 
where we denote by 
with θ/π ∈ R \ Q, and irrational, otherwise. We call M equally degenerate, if ν(M m ) = ν(M) for all m ∈ N. We define the bounded height b(M) of M when it is not equally degenerate by
We define these quantities and concepts for every path γ ∈ P τ (2d) by those of γ (τ ). For every path γ ∈ P τ (2d), we define its analytical period n(γ ) by
The following results follow immediately from the definitions.
Lemma 3.5. where
Proof. (i) follows from Definition 3.4.
(ii) Note that by Theorem 3.3 there holds [29] , for every symplectic path γ ∈ P τ (2d) with d = 1 or 2 ending at the basic normal form
Only when γ ∈ P τ (2) ending at the basic normal form
Therefore by the symplectic additivity and homotopy invariance of the index (cf. Theorem 6.2.7 of [29] ) for any γ ∈ P τ (2d) with d ∈ N, we obtain
mod 2 if and only if
where h − = h − (γ (τ )) and q − = q − (γ (τ )) are given by the basic normal form decomposition (3.5) of γ (τ ). Now when n 0 (γ ) is even, by (3.20) we have 22) and thus
Note that q − 1 implies the evenness of n 0 (γ ). When q − = 0 and h − = 0, then by (3.21) we get (3.22) and (3.23) too. When q − = 0, h − = 1, and n 0 (γ ) is odd, there exists some m ∈ N such that i(γ m+n 0 (γ ) ) − i(γ m ) ∈ 2Z + 1. In this case we then obtain n(γ ) = 2n 0 (γ ). This proves the lemma. 2
Note that by Lemma 3.5, the analytic period n(M) for M ∈ Sp(2d) can be defined in terms of the basic normal form decomposition (3.5) of M by
Properties of Morse indices of iterates of closed geodesics
In order to study the global distribution of local homologies of all closed geodesics in a ddimensional Finsler manifold (M, F ), we use results in Subsection 3.1 to understand the behavior of the Morse indices of closed geodesics. Note that for a closed geodesic c on a Finsler manifold (M, F ), by [25] in 2002 of C. Liu and Y. Long (cf. Chapter 12 of [29] ), the index iteration formulae in [26] and [27] (cf. [29] ) work for Morse indices of iterated closed geodesics on Finsler as well as Riemannian manifolds.
Note that rational closed geodesics have nice properties as shown in the following results. Proof of Theorem 3.7. Note that there hold
Theorem 3.7. Let c be a rational prime closed geodesic on a d-dimensional Finsler manifold (M, F ). Let n = n(c) be the analytical period of c. Then the following conclusions hold:
We use short hand notations as in (3.5) and carry out the proof in several steps.
Step 1. Proof of the periodicity (A).
Note that (3.26) holds from the definition of n. By (3.7) of Theorem 3.3 we obtain
Step 2. Proof of the boundedness (B). 
Because q − + 2q 0 + q + > 0 implies n ∈ 2N, by the definition of n and (3.33) of ϕ we obtain (3.28):
Step 3. Proof of the period-mean index formula (C).
By Theorems 3.2 and 3.3, we obtain
where we have used Definitions 3.4 and 3.5 on p(c) and the fact that n must be even when max{q 0 , q + } > 0.
Step 4. Proof of the relative parity (D).
By Theorem 3.3 we have
Note that by the definition of n in (3.15) and (3.24) we have
Thus we obtain from (3.40): Step 5. Proof of the nullity-periodicity (E).
Because ν(c) = p − + 2p 0 + p + , by Theorem 3.3 we have
This yields (E).
Step 6. Proof of the monotonicity (F) of ν(c n ) = 1 and n 2.
Because c is rational, and ν(c n ) = 1 and n 2 hold, the decomposition (3.5) of P c satisfies N 1 (1, 1) P or N 1 (1, −1) P ∈ Ω 0 (P n c ) for some P ∈ Sp(2d − 4) with 1 / ∈ σ (P ). Therefore there hold n = 2 and 
51). When d is odd, a + b is even by (3.54). If a is even, similarly to our above discussions, i(c) is even. Together with i(c) d − 2, it yields i(c) d − 1. So i(c) − e/2 0 and then (3.51) holds. If a is odd, then b is odd. Thus i(c) is odd and ν(c m ) 1. Therefore ν(c m ) + i(c)
In some of the results below in this paper, we shall need the following condition on the manifold:
(OR) The d-dimensional Finsler manifold (M, F ) satisfies # CG(M, F ) = 1 and the only prime
closed geodesic c is rational.
Proposition 3.11. Let (M, F ) be a d-dimensional Finsler manifold satisfying (OR) with the prime closed geodesic c. Let n = n(c) be the analytical period of c. Then for every 1 m < n, the following boundedness property holds:
Proof. Clearly it suffices to consider the case of n 2. Note that by (OR) and Lemma 3.10, for this prime closed geodesic c we havê On the other hand, by Theorem 3.3 and (3.56) we obtain
Thus we must have
If p − (c) = 1, by (3.58) for 1 m < n we then obtain Then we obtain 
Therefore we obtain
Then together with (3.78) we obtain (3.55) too. The proof is complete. 2 Then m | n must hold.
Proposition 3.12. Let (M, F ) be a d-dimensional Finsler manifold and c a rational prime closed geodesic on (M, F ) satisfying (ISO). Let n = n(c)
Proof. If in the basic normal form decomposition (3.5) of the linearized Poincaré map P c there holds r + r * + r 0 = 0, then n = 1 or 2 by the definition of n = n(c), and thus m | n holds trivially. Suppose r + r * + r 0 > 0 in (3.5) of P c . We classify basic normal forms that appeared in the decomposition (3.5) of P c into two families D and N :
• D contains all the normal forms N 1 (−1, ·), R(ξ ) with ξ/π ∈ Q, N 2 (e η √ −1 , B) with η/π ∈ Q, which appeared in (3.5) of P c , here we count a form repeatedly if it appears more than once in (3.5);
• N contains all the other normal forms that appeared in (3.5) of P c .
We denote by N the -sum of all normal forms in N . We denote all the normal forms in D by
for some integer 1 μ r + r * + r 0 + q − + q 0 + q + . Here some M i s may be the repeated versions of the same basic normal form according to its appearance in (3.5) of P c . In this notation we have Therefore we have
Next we study the qth iteration of these normal forms: a) with a = 0 or ±1 holds for some j , then both n and m must be even, and then q is also even. Therefore we have If now q 2 | q 1 , then by (3.93) we have q 1 = l 2 q 2 for some l 2 ∈ N. Thus we obtain m = l 1 q 1 + q 2 = (l 1 l 2 + 1)q 2 , i.e., q 2 | m. Similarly to the study on q we obtain then q 2 | n too. This contradicts the condition (ii).
If q 2 q 1 , then we can repeat the above study by induction to get integer pairs {q j , q j +1 } satisfying similar requirements in (3.93) for j 2 whenever q j q j −1 . In this procedure, if there exists some j so that q j +1 | q j holds, then we obtain q j +1 | m, q j +1 | n and ν(c q j +1 ) = ν(c m ). This then contradicts the condition (ii). Otherwise, because m is finite, this induction argument can be applied finite times, and we obtain a final integer pair (q χ , q χ+1 ) with some χ ∈ [1, m− 1] such that q χ+1 = 1 and
Then with the condition (i) we obtain a contradiction and complete the proof of the proposition. 2
Homological periodicity
In this section, we study properties of homologies of energy level sets determined by closed geodesics and establish certain periodicity of homological modules of energy level set pairs when there exists only one rational prime closed geodesic.
Theorem 4.1. Let (M, F ) be a d-dimensional Finsler manifold and c be a rational prime closed geodesic on (M, F ) satisfying (ISO). Let n = n(c) be the analytical period of c. Let
(A) (Periodicity of critical modules) The integer vector K defined by (2.19) satisfies 
where we have used the definition of n. Therefore by Theorem 3.3 again we obtain
Therefore by the condition p(c) = d − 1 we obtain
Therefore by (i) of Theorem 2.7, we must have k 0 (g) = 0 and this proves (B-1).
Note by the definition of f (c) and the condition f (c) = d − 1, we obtain
Therefore by (ii) of Theorem 2.7, we must have k ν(g) (g) = 0 and this proves (B-2). Proof. This result follows from Theorem on p. 367 of [15] and Theorem 3 of [16] (cf. also Lemma 3.1 to Theorem 3.7 of [28] , Theorem I. 4 
.2 of [8]). 2
The following result establishes the periodicity of homologies of level set pairs via the classical 5-lemma, when there is only one rational prime closed geodesic. 
Proof. Note first thatp = i(c n ) + p(c) is always even by (D) of Theorem 3.7. Note also that because there is only one prime closed geodesic c on M, and κ m = E(c m ) = m 2 E(c) = m 2 κ 1 > 0 is strictly increasing to +∞, the critical module of E at S 1 · c m can be defined by
where and below we denote by
Given a level set pair (Λ κ p , Λ κ p # ) with p ∈ N, for any γ ∈ Λ κ p and m ∈ N we have
Therefore the iteration map ψ m maps the level set Λ κ p into Λ κ mp . We denote the image of the pair (Λ κ p , Λ κ p # ) under the iteration map ψ m by
Now we carry out the proof in two steps.
Step 1 Then by (4.8) and an induction argument we obtain
(4.14)
Here as short hand notations we denote by i(c q ) = 0 when q = 0. By Theorem 3.3, specially (3.8), (3.10), and (3.33), we obtain We continue the proof in three subcases.
Then in this subcase, by (4.13) we have n
Then by (4.8), (4.10) and our Lemma 4.2, the following two iteration maps 19) induce two isomorphisms on homological modules:
Therefore the composed iteration map
is a homeomorphism and induces an isomorphism on homological modules: 25) induce two isomorphisms on homological modules:
(4.27)
is a homeomorphism and induces an isomorphism on homological modules:
In this subcase, by the above discussion, the definition of n, we obtain q ∈ [1, n − 1] and ν(c) < ν(c b ) = ν(c q ) < ν(c n ). According to the condition (ii) of Proposition 3.12 we consider next two subcases:
(iii-1) If there is no integer t ∈ [1, q − 1] such that t | q, t | n and ν(c t ) = ν(c q ) hold, then we can apply Proposition 3.12 to obtain q | n. Thus n = rq holds for some r ∈ N. By (4.13) and (4.16) we obtain Therefore by Lemma 4.2, the two iteration maps 33) induce two isomorphisms on homological modules:
If there is some integer t ∈ [1, q − 1] such that t | q, t | n and ν(c t ) = ν(c q ) hold. Let s ∈ [1, q − 1] be the minimal integer possessing this property. Then q = us and n = vs hold for some u, v ∈ N, and we obtain 42) induce two isomorphisms on homological modules:
The case of b − a = 1 is proved. Note that because all the singular chains here are free, by Theorem 6.1 on p. 129 of [21] or Corollary II.4.8 on p. 28 of [9] , from the isomorphism f * the corresponding chain map f # can be constructed and is in fact induced by the iteration maps and inclusions.
Note that by choosing parameters suitably, the case (iii-2) covers all the other cases (i) to (iii-1), and is the most general case. Note also that because we have only one rational prime closed geodesic, we shall use the last definition of the local critical modules in (4.10) in the rest part of the proof of Theorem 4.3.
Step 2. The induction argument for general b > a.
Assume that we have proved the theorem whenever b − a < k for some integer k > 1. 
Thus, by the exactness of the bottom line in (4.47), we obtain (iv) Now for any
with a i , b j ∈ Q, by (4.52) and (4.53) we define 
Thus together with (4.55), it yields the commutativity of the left middle square in (4.47):
(4.56) (vi) We verify the commutativity of right middle square in (4.47). For any
where the second equality follows from argument above (4.53), the third equality follows from the exactness of the bottom line of (4.47), the fourth equality follows from (4.56), and the last equality follows from the fact
This proves the commutativity of the right middle square of (4.47).
(vii) Now by the induction assumption, the left two and the right two vertical homomorphisms in (4.47) are isomorphisms. Therefore by the 5-lemma, from (4.47) we obtain f * is an isomorphism. Now by Theorem 6.1 on p. 129 of [21] or Corollary II.4.8 on p. 28 of [9] , the isomorphism f * is induced by a chain map. This proves Claim 1. Now by induction Theorem 4.3 is proved. 2
A new homological method for only one rational closed geodesic
If there is only one prime closed geodesic c on a Finsler as well as Riemannian sphere (S d , F ), it is believed that it then should behave very nicely. The following results reflect this idea when this closed geodesic is rational, i.e., the condition (OR) in Section 3 holds.
Note that under the condition (OR), because the linearized Poincaré map P c of c satisfies P c ∈ Sp(2d − 2), by Lemmas 3.5 and 3.10 this prime closed geodesic c satisfieŝ
Note that in this section, we denote by Q m the m times of the module Q instead of using the notation mQ in order to make the text clearer. 
Thus the exact sequence of the triple (Λ, Λ κ k+n , Λ κ n ) yields
which then implies the isomorphism:
By Theorem 4.3, we then obtain an isomorphism:
Then (5.4) and the exact sequence of the triple (Λ, Λ κ k , Λ 0 ) further yield
which then implies the isomorphism: 12) and possesses the following distribution diagram with β = i(c n ): Step 2. Passing through the critical level E(c n ).
Because n 2, for j ∈ Z we denote by
Then the exact sequence of the triple (Λ κ n , Λ κ n−1 , Λ 0 ) and Diagram 5.3 yield the following diagram: That is, (5.13) holds withk = u β+μ+1 0.
Step 4. The case of n = n(c) = 1.
In this case, similarly to Step 1, for j ∈ Z, we denote by [38] . The proof is complete. 2
Impossibility of only one rational prime closed geodesic on spheres
In this section, we shall prove that it is impossible to have only one rational prime closed geodesic on every Finsler d-dimensional sphere. To prove this claim we use the condition (OR) introduced in Section 3. By this (OR), the only prime closed geodesic c must be rational, and by Lemma 3.10 it further satisfiesî Proof. Assuming that c is rational, we prove the theorem by contradiction. Let n = n(c) be the analytical period of c and μ = p(c) + (d − 3). Then by (6.3) and the relative parity (D) of Theorem 3.7, we have (iv) Using the methods of [10] or [40] , the existence of at least two geometrically distinct closed geodesics on every bumpy reversible (or Riemannian) d-sphere can be proved to get the well-known result of [12] .
Proof of Theorem 1.3. Suppose the prime closed geodesic c is not rational. If the basic normal form decomposition (3.5) of its linearized Poincaré map P c contains precisely one rotation matrix R(θ) with θ/π ∈ R \ Q, then all local invariants of c and c −1 coincide, and specially we havê i(c) =î(c −1 ) ∈ R \ Q. Thus the left-hand side of the mean index identity is still irrational and yields also a contradiction. If the decomposition (3.5) of P c contains two rotation matrices with rotation angles that are irrational multiples of π , then c is non-degenerate and the result follows from [12] or (iv) of Remark 7. [10] , the prime closed geodesic c must have some degenerate iterate c m for some m ∈ N. Because d = 2, the linearized Poincaré map P c of this closed geodesic satisfies P c ∈ Sp(2), and therefore it must be rational. Then our Theorem 6.1 yields a contradiction and completes the proof. 2
